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1. Introduction
We have proved in [1], by using special 4−sieve, to obtain infinitely many prime
quaternary. So that infinitely pairs of prime twins is a special case of the above
result.
It still has a question: can we prove the result “infinitely pairs of prime twins”
by only use double sieve? The answer is : yes we can. See the following sections.
2. Construction of auxiliary function
Denote all the primes by p0 = 2, p1 = 3, p2 = 5, · · · .
Define the sum of two sequences of natural numbers {x1, x2, · · · , xn} and {y1, y2, · · · , ym}
by {xi+yj} 1≤i≤n
1≤j≤m
and natural number amultiply {x1, x2, · · · , xn} by {ax1, ax2, · · · , axn}.
Construct auxiliary function fn(n = 0, 1, 2, · · · ) by successive extension and sieve
as follows.
We begin from 1.
The 0′th extension E0{1} = {1, 2}.
The 0′th sieve operator1 S0: Sieve the multiple of p0 = 2 and the multiple of 2
and −2 simultaneously. We have
f0 = S0E0{1} = S0{1, 2} = {1}.
The 1st extension
E1f0 = f0 + p0{0, 1, p1 − 1} = {1}+ 2{0, 1, 2} = {1, 3, 5}.
The 1st sieve operator S1: Sieve the multiple of p1 = 3 and the multiple of 3
and −2 simultaneously. We have
f1 = S1E1f0 = S1{1, 3, 5} = {5}.
* REVISED VERSION.
1Sieve out exactly without remainder term.
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The 2nd extension
E2f1 = f1 + p0p1{0, 1, · · · , p2 − 1}
= {5}+ 6{0, 1, 2, 3, 4}
= {5}+ {0, 6, 12, 18, 24}
= {5, 11, 17, 23, 29}.
The 2nd sieve operator S2: Sieve the multiple of p2 = 5 and the multiple of 5
and −2 simultaneously. We have
f2 = S2E2f1 = S2{5, 11, 17, 23, 29}= {11, 17, 29}.
The 3rd extension
E3f2 = f2 + p0p1p2{0, 1, · · · , p3 − 1}
= f2 + {0, 30, 60, 90, 120, 150, 180}
= {11, 17, 29, 41, 47, 59, 71, 77, 89, 101, 107, 119, 131, 137, 149, 161, 167, 179, 191, 197, 209}.
The 3rd sieve operator S3: Sieve the multiple of p3 = 7 and the multiple of 7
and −2 simultaneously. We have
f3 = S3E3f2 = {11, 17, 29, 41, 59, 71, 101, 107, 137, 149, 167, 179, 191, 197, 209}.
· · ·
The n′th extension
Enfn−1 = fn−1+Πn−1{0, 1, · · · , pn−1} = {fn−1, fn−1+Πn−1, · · · , fn−1+(pn−1)Πn−1},
where Πn =
∏n
i=0 pi.
The n′th sieve operator Sn: Sieve the multiple of pn and the multiple of pn and
−2 simultaneously. We have
fn = SnEnfn−1.
· · ·
We note that most of fn are vectors, and all of min fn are scalars.
3. The properties of auxiliary function fn(n = 0, 1, 2, · · · )
Theorem 3.1. ∀n ≥ 1, we have: (i) min fn is a prime; (ii)in one interval,
min fn ≥ pn+1; (iii) in case min fn = pn+1, we have min fn+1 ≥ min fn + 6.
Proof of (i) and (ii).
min f0 = f0 = 1,min f1 = f1 = 5 = p2,min f2 = min f3 = 11 = p4.
The above min f2 = min f3 follows from the part {11, 17, 29} in f3 is the same in f2.
In general, step of extension increasing new large part, and the already increased
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part unchanged. Similarly, we have
min f4 = min f5 = 17 = p6,
min f6 = min f7 = min f8 = 29 = p9,
min f9 = min f10 = min f11 = 41 = p12,
min f12 = min f13 = min f14 = min f15 = 59 = p16,
min f16 = min f17 = min f18 = 71 = p19,
min f19 = min f20 = min f21 = min f22 = min f23 = min f24 = 101 = p25,
min f25 = min f26 = 107 = p27,
· · ·
On the process of successive extension and sieve, composite number x and
prime number of the form x − 2 (where x is composite) are removed out by sieve
p0, p1, · · · , pm ≤
√
x, e.g. in 3rd step of extension and sieve, numbers 209 and 167
have special character, 209 is a composite number 209 = 11 · 19, it removes out
by sieve p4 = 11, 167 = 13
2 − 2, it removes out by sieve 13 = p5. Hence all the
remaind numbers are primes of another form. Hence ∀n ≥ 1, min fn is a prime.
Dividing [1,∞) of prime axis (i.e., axis contain 1, p0, p1, p2, p3, · · · ) into infinitely
many intervals with left end open and right end closed, e.g. 1 = min f0; p0 < p1 <
p2 = min f1; p3 < p4 = min f2; p5 < p6 = min f3; p7 < p8 < p9 = min f4; · · · .
Because the index of primes is unimportant for us, we instead it by the index of
numbers of intervals, such that in one interval min fi is a constant, pi+1 strictly
monotone increasing, with pi+1 < min fi in the inner interval, and pi+1 = min fi on
the right end. Hence we have min fn ≥ pn+1 in any one interval, and consequently
on the whole [1,∞). 
Proof of (iii). We enlarge the E2f1 to EE2f1 = f1 + p0p1{0, 1, 2, 3, 4, 5, · · · }. Both
min fn and min fn+1 lying in EE2f1, hence min fn+1 ≥ min fn + p0p1. (iii) is
proved.
Hence, theorem 3.1 is proved completely. 
Theorem 3.2. If q = min fn satisfying q < p
2
n+1 − 2, then q and q + 2 are pair of
prime twins.
Proof. Because q = min fn is an odd prime, q + 2 is odd. If q + 2 is composite,
since q+2 < p2n+1, q+2 contains a prime factor p1, p2, · · · , pn, hence q+2 removes
out when we sieve p1, · · · , pn. Becasue of double sieve, q removes out also when we
sieve p1, · · · , pn. Hence q ≤ pn. It contradict to the reuslt q ≥ pn+1 by applying
theorem 3.1.
Therefore q + 2 must be prime. Combining to the assumption q = min fn is a
prime by applying theorem 3.1, we have the result: q and q + 2 are pair of prime
twins. Theorem 3.2 is proved completely. 
4. Final result
Theorem 4.1. There exist infinitely many pairs of prime twins.
Proof. We have either the number of pairs of prime twins are infinite, or the num-
ber of pairs of prime twins are finite. If the number of pairs of prime twins are
finite. It implies that, a maximum pair of prime twins exist. We denote them by
pn0+1, pn0+1 + 2 = pn0+2.
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From the construction of fn, we must have min fn0 = pn0+1. By theorem 3.1, we
have min fn0+1 ≥ pn0+1 + 6 > pn0+2. Applying Chebyshev’s theorem, there exist
at least one prime in the interval (pn0+1+5, 2(pn0+1+5)) of number axis
2. Denote
Y be the minimum prime in the above interval. Since X is fixed, Y is fixed also.
Then we have
Y = min fn0+1 = min fn0+2 = · · · = min fn1−1 = min fn1 = pn1+1 (n1 ≥ n0 + 2).
Moreover, since p2n1+1 − pn1+1 = pn1+1(pn1+1 − 1) ≥ 3 · 2 > 2, we have pn1+1 <
p2n1+1−2. Applying theorem 3.2, we have the result: min fn1 = pn1+1,min fn1+2 =
pn1+1 + 2 = pn1+2 are pair of prime twins. This pair of prime twins greater
than the pair of prime twins pn0+1, pn0+2. It contradict to the assumption that
pn0+1, pn0+1 + 2 are the maximum pair of prime twins.
Therefore, by induction to absurdity, we prove the number of pairs of prime
twins are infinite.
Theorem 4.1 is proved completely. 
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